Previous studies have shown that supersymmetric partition function on T 2 × S 2 is related to elliptic genus of two dimensional supersymmetric theory. In this short note we find a four dimensional supersymmetric theory, whose partition function on T 2 × S 2 is the same as elliptic genera of N = 2 minimal models in two dimensions.
Introduction
Conformal field theories (CFT) in higher dimensions are usually less under control than two dimensional CFTs. This is mainly because higher dimensional conformal symmetry is finite dimensional in contrast to 2d conformal symmetry. It would be illuminating if higher dimensional CFTs have some relations to 2d CFTs in certain ways.
Recently supersymmetric partition function on T 2 × S 2 has provided some interesting aspects along this direction. Imposing appropriate boundary conditions, this partition function can be expressed as the supersymmetric index [1] 
where F is Fermion number, P is spatial momentum of T 2 , J 3 is angular momentum on S 2 and F a is flavor charge. Given this index formula, one may recall the elliptic genus
which is equivalent to supersymmetric partition function on T 2 . In fact previous works have found that partition function of 4d N = 1 supersymmetric theory on T 2 × S 2 have simple relations to elliptic genera of 2d N = (0, 2) supersymmetric theories [1, 2, 3, 4 ] (see also [5] ). This fact provides nontrivial relations between properties of 4d and 2d supersymmetric theories. One of interesting directions is to pursue relations between 4d and 2d dualities [4, 6, 7, 8] . For example one can show [4, 6] that two dimensional (0, 2) triality [9] for elliptic genus comes from 4d Seiberg-like duality [10] for partition function on T 2 × S 2 .
In this short note we discuss that certain 4d supersymmetric theory is related to N = 2 minimal models of ADE type in two dimensions. More concretely we study partition function on T 2 × S 2 of this 4d theory and show that this is the same as elliptic genera of the N = 2 minimal models, which have been studied well in [11, 12, 13] . In the rest of this note, we first briefly review some aspects of 4d N = 1 supersymmetric theory on T 2 ×S 2 and explain exact formula for the T 2 × S 2 partition function in section 2. Then we find the four dimensional supersymmetric theory, whose partition function on T 2 × S 2 agrees with the elliptic genera of the N = 2 minimal models in section 3.
2 Supersymmetric partition function on T 2 × S 2 First we briefly review some relevant facts on 4d N = 1 supersymmetric theory on T 2 × S 2 and write down exact formula for the T 2 × S 2 partition function obtained in the previous studies [1, 2, 3, 4] .
We define T 2 × S 2 as a quotient of C × S 2 . Denoting complex coordinates of C and S 2 by w and z, respectively, we regard T 2 × S 2 as the following identification of C × S 2 :
where τ is the complex structure parameter of T 2 and (α, β) are real parameters satisfying α ∼ α + 1, β ∼ β + 1. In order to preserve supersymmetry on this background, the Killing spinors ζ,ζ have to satisfy
where A µ is the background gauge field of R-symmetry with the monopole configuration 1
This indicates that fields on T 2 ×S 2 generically have magnetic charges depending on their Rcharges [15, 1] since the R-symmetry background gauge field of the monopole configuration appears in every covariant derivative of the fields. More generally we can also turn on magnetic background gauge field of flavor symmetry with integer flux g. Hence if we have the magnetic flux g of the flavor symmetry, then a chiral multiplet with the R-charge r and flavor charge q f have the magnetic charge
4)
which should be integer in order to satisfy quantization condition for the magnetic flux on S 2 . Now we explicitly write down the exact formula for the T 2 × S 2 partition function of supersymmetric theory with only chiral multiplets. Taking appropriate boundary conditions, this partition function can be represented as the supersymmetric index [1]
The parameters q, x and t a are defined by
where (τ, σ = τ α − β) is complex structures of T 2 × S 2 and ξ a is fugacity of flavor symmetry. For 4d N = 1 theory with only chiral multiplets, the partition function takes the following form [1, 2, 3, 4]
where Z (r I ) is the contribution from a 4d N = 1 chiral multiplet with magnetic charge r i : (2.7) Here the Dedekind eta function η(τ ) and Jacobi theta function θ 1 (τ |z) are defined by
with y = e 2πiz . Note that the first and third lines in the RHS of (2.7) are formally the same 2 as contributions to elliptic genus from 2d N = (0, 2) Fermi and chiral multiplets, respectively [16, 17, 18] .
3 N = 2 minimal model from 4d theory on T 2 × S 2 Now we are ready to construct the 4d supersymmetric theory, whose T 2 × S 2 partition function is the same as the elliptic genera of the N = 2 minimal models. At first sight one might think that this could be easily done by engineering Landau-Ginzburg models from 4d, which are known to correspond to the N = 2 minimal models [11, 12, 13] . However, this is impossible for most cases since chiral multiplets must have integer magnetic charges on T 2 ×S 2 . Let us consider the 4d theory with the field content of table 1 and the superpotential W = N I=1Q I ΦQ I +ΦΦ.
(3.1)
Then the T 2 × S 2 partition function of this theory is represented as
The parameters t f = e 2πiξ f and t Q = e 2πiξ Q are the fugacities of the U(1) f and U(1) Q flavor symmetries respectively but here we identify these two fugacities, namely ξ f = ξ Q = z. Now we write down the partition function by using the results in [1, 2, 3, 4] . Contributions from each chiral multiplet are given by
,
Combining these expressions, we obtain 3
, (3.4) up to overall signature. This expression is exactly the same as the elliptic genera of the N = 2 minimal models [11, 12, 13] associated with the ADE singularity W = 0, where W (x 1 , · · · , x N ) is the polynomial of x satisfying
Unfortunately we have not found why the N = 2 minimal models appear from the 4d supersymmetric theory physically. One might think that this result was similar to AGT relation [19] but this does not seem true since the 4d theory here is is not gauge theory. It is interesting to find any physical interpretations.
In this note we have constructed 4d supersymmetric theories, whose partition function on T 2 × S 2 matches with the elliptic genera of the N = 2 ADE minimal models. Our result and the previous results [4, 6, 7, 8] would imply that sub-sector of 4d N = 1 supersymmetric theory have hidden infinite dimensional symmetry at infrared fixed point. It is interesting if one relates the results to recent discussions on hidden symmetries in 4d theories [20, 21, 22] . One of more challenging directions is to consider non-supersymmetric gauge theory. It has been expected that confining gauge theories in planar limit have descriptions in terms of weakly coupled string theories [23, 24] . This implies that the gauge theories in confined phase have 2d CFT descriptions. Recently there appears a concrete proposal regarding this for 4d pure SU(N) Yang-Mills theory on S 1 × S 3 in the planar limit [25] . It would be attractive to consider non-supersymmetric theories on T 2 × S 2 in confined phase.
